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Abstract:

This research considers principal projection property of Riesz space, which is
the basis of positive operators and their applications. And provides important
theorems concerns useful properties of projection elements. Also, describes
lattice operations of order bounded operators and retract of Riesz space.
Keywords: projection, ideal, Riesz space, Dedekind complete.
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Introduction:

In this research we study principal projection property of Riesz space. In the
beginning we have to know that, if every element in Riesz space is projection
element, then Riesz space is said to be has principal projection property.
Also, we show some theorems concerns useful properties of projection
elements. Then we describe the lattice operations of order bounded operators,
from a space which has principal projection property into Dedekind complete
space. This research deals with retracts of Riesz spaces. Many researchers
studied this topic some of them, (F.Riesz, 1930,143) proven that in a
Dedekind complete Riesz space every band is a projection band, (Aliprantis,
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1985,33) find a new formula for the order projection onto the band generated
by a positive operator, depending on the results of (Aliprantis, 1980,245), and
(M. Volodymyr etc, 2020, 291) proven the existence of lateral band
projection and principal projection property implies the intersection property.

Definition 1 ( Aliprntis, 1985, 1)

In any ordered vector space X any element x is called positive whenever
x=>0.

The set of all positive elements of X will be denoted by X *.

Definition 2 (Helmut, 1974, 56)
A subset U of a Riesz space X is called solid if xeU,ye X,and [x/<|y|

impliesy e U . A solid vector subspaceU of X is called an ideal of X .

Definition 3 (John, 1990, 191)
An ideal U of a Riesz space X is called a band if AcU and sup A= xe X

implies xeU .

If U is a nonempty subset of a Riesz space X . Then the ideal generated by
U is the smallest ideal that contains U . We can write it as;

{XE X :3x,,...,X, €U and A,...,4, € R" with |x| szn:ﬂi|xi|} ...... ().
i=1

The ideal generated by an element x will be denoted by U, . From equation
(1) we can define U as:
U, ={ye X :32>0with |y|< A[x}.

Every ideal of the form U, is called as a principal ideal. By the same way,

the band generated by U is the smallest band that contains U . Such a band
always exists (since it is the intersection of the family of all bands that
contain U , and X is one of them).

It is obvious that, the band generated by U agrees with the band generated by
the ideal generated by U .
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Examplel. (Helmut, 1974, 57)
If X is any Riesz space. And xe X" then the order interval [—x,x] is

solid, and the vector subspace CJ n[— x, x] is the principal ideal X
1

Clearly, if Uis a directed (<) subset of X "then

0{”[_ Xx,x]:neN,xeU} is the ideal generated by U . Any union of solid
1

sets is solid, and V < X is solid if vV = J{[-|x]|.|x|]: xeV}.

The following theorem describes the band generated by an ideal.

Theorem 1. LetU be an ideal of a Riesz space X. Then the band generated by
U is precisely

{xe X :3{x,}cU with0<x, T|x3},
In general, every ideal is order dense in the band it generates. Moreover, the
band V, generated by a single element x satisfies

V, ={y e X :|y|an|x T|y}.
Proof. Let V ={xe X :3{x,}<U " with 0< x, T |x}. Clearly, every band

containing U must contain V . Thus, to establish our result it is enough to
show that V is a band.

To this end, let x,y eV . Pick two nets {x,}cU"and {y,}cU"with
0<x, T|x and 0<vy, T|y| . From
X+ YA (X, +Y,) TIx+ Y| A (X +]Y) =[x+Y]
And
4] x, T|Ax]
It is obvious that, V is vector subspace. Also, if |z|<|x| holds, then from
{|lZAx,3cU and 0<|z A x, T|z|A|X =]z,
It follows that z €V . Hence, V is an ideal.
Finally, to see that V is a band, let {x,} <V satisfy 0<x, T|x . Let

D={yeU:3someawith0<y<x_}.
Then D cU*and D T x hold. Therefore, x eV, and so V is a band.
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To establish the formula for V, , let y eV, .

By the above there exists a net {x,}c U, with 0< x, T |y| . Now given «
there exists some n with x, <n|x, and so x, <|y|an|x|<|y| holds. This
easily implies [y| An|x T |y|

Definition 4 ( Aliprntis, 1985, 5)

disjoint complementU “ is defined by U¢ ={xe X : x L y forally eU}.
Note that U nU® ={0},and U® = (U *)?.

It is an obvious that is always a band.

Definition 5 ( Aliprntis, 1985, 33)
an operator F: X —Y between two vector space is said to be a Projection
whenever F = F?,

The next theorem describes the useful condition which an ideal is necessarily
a band.

Theorem 2. If U and V are two ideals in a Riesz space X such that
X =U @V . Then U and V are both bands satisfying U =V %and V =U ¢
(and hence U =U ™ and V =V ® both hold).
Proof. Note first that for each ueU and v €V we have

u AV eUnV ={0},
Andso U LV . Inparticular, U cV*¢.
On the other hand , if xeV®, then write X=u+vwith ueU and veV,
and note that v=x—-ueV nV? ={0}implies x=ueU. Thus, V¢ cU,
and so U =V ¢ holds. This shows that U is a band. By the symmetry of the
situation V =U ¢ also hold.

Definition6 (Aliprntis, 1985,33)
A band V in a Riesz space X is called a projection band whenever
X=Vaev’,

The next theorem describes the ideals that are projection bands.

280



SC|ent|f|c Journal of Faculty of Education, Misurata University-Libya, Vol. 9, No. 23, Sep. 2023
Published online in September
2023 sl <39 pindl g AN dand) ¢ aualil) Alaal) cdnalil) diuad) clpssd ¢S june daalay gy i) A0S0 Aalel) dlnal)
Issn :2710- 4141
2023/09/01 pill 1 2023/02/15 pdau) g

Theorem 3. If V isan Ideal in a Riesz space X, then the following
statements are equivalent:

1. V isa projection band, i.e., X =V @&V holds.
2. Foreach x e X" the supremum of the set V" N[0, x] exists in X and
belongs to V.

3. There exists an ideal U of X suchthat X =V @U holds.
Proof (1) =(2)
Let x e X . Choose the (unique) elements 0 <y eV
And 0<zeV® with x=y+z.If ueV" satisfies u<x=y+z, then it
follows from 0<(u-y)*<zeV? and (u-y)* eV that (u-y)" =
Thus, u<y, and so y is an upper bound of the set V" n[0,x]. Since
yeV N[0,x], we see that y =sup{ueV "’ :u<x}=supV n[0,x] holds in
X.

(2) = (3) Fixsome xe X", and let u=supV N[0, x]. Clearly, u belongs to
V.Put y=x-u>0.If 0<weV, then 0<yAaweV, and moreover from
O<u+yaweVand u+yAaw=U+y)AU+wW)=XxAU+w)<x, it
follows that

U+yAw<u. Hence, yAw=0 holds, and so yeV®. From X=U+Yy we

see that X =V @V ¢, and therefore (3) holds with U =V ¢.
(3) = (1) This follows from Theorem 2.

Theorem 4 (Aliprntis, 1985, 33). If V is a band in a Dedekind complete
Riesz space X, then X =V @V ¢ holds.

If F a positive operator defined on a Riesz space and F is also a projection,
then F will be named to as a positive Projection.

Now let V be a projection band in a Riesz space X . Thus, X =V ®V°
holds, and so every element x € X has a unique decomposition x = x, + X,,

where x, eV and X, eV®. Then it is easy to see that a projection
F, : X — X is defined by:
F (X):Xl'
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Clearly, F, is a positive projection. Any projection of the form F, is named

an order projection or (a band projection). Thus, the order projection is
associated with the projection bands in a one-to-one fashion.

Theorem 5. If V is a projection band in a Riesz space X , then

F, (X)=sup{yeV:0<y<x}
Holds forall xe X .

Proof. Let xeX®™ . Then from proof of (Theorem 3)
u=sup{y eV :0<y<x} exists and belongs to V . Assume that u =F, (x) .

Write x =x, +x, With 0<x, eV and 0<x, eV, and note that 0 < x, <x
implies 0<x, <u. Thus, 0<u-x, <x—X, =X,, and hence u-x, eV*
since u—x, eV and v V¢ ={0}, we see that u = x,, as assumed.

The next theorem describes the basic properties of order projections.

Theorem 6. If U and V are projection bands in Riesz space X , then U ¢,
UnNV,and U +V are likewise projection bands. Moreover, they satisfy

1. F,=1-F;

2. R, =FF =FF,;and

3. R, =FR +F -FF.
Proof. (1) From X =U @U ¢ it follows that U * =U holds (see Theorem
1), and so U ¢ is a projection band. The identity F,« =1 —F, should be
obvious.
(2) To see that U NV is a projection band note that the identity
V n[0,x]=[0,F,x] implies U nV n[0,x]=U N[0, F,x] foreach xe X ™.
Thus,
F,FR x=sup U NV N[0, x]=supU N[O, F, x]
Holds for each xe X™, which (by theorem 3) shows that U "V is a
projection band and that F, ,, = F,F, holds. Similarly, F, , =F,F, .
(3) Assume at the beginning that the two projection bands U and V satisfy

ULV. If xeX'. And 0<u+veU+V satisfy u+v<x, then
ueUn[0,x] and veV n[0,x],andso u+v<F,x+ F,xeU +V holds.
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This shows that
sup(U +V) N[0, x]=F,x+ K xeU +V,

From proof of (Theorem 3) we have the ideal U +V is a projection band.
Also, F,, =F, +F, holds.
Now the general case can Dbe established by observing that
U+V =UnV?+V. Also, we have
Fow =F, o =F, ¢ +F =F,F + F,

=F,(|-FR)+F,=F, -F,F, +F, =F, +F, —F,,,as
required.

An immediate consequence of statement (2) of the preceding theorem is that
two arbitrary order projection mutually commute.

The next theorem describes the useful comparison property of order
projection.

Theorem 7. If U and V are projection bands in Riesz space X, then the
following statements are equivalent:

1. UcV
2. FR,F, =FF,=F ;and
3. R, <F.

Proof. (1)=(2) Let U <V . Then from Theorem 6 it follows that
FRR =Rk =K., =K

(2)=(3) Foreach 0<x we have F,x=F,F,x<F,x,andso F, <F,

holds.

(3)=(1) If 0<xeU, then it follows from
O<x=F,x<FK,xeV

That x eV . Therefore, U <V holds, as required.

Definition 7 ( Aliprntis, 1985, 33)

the band V, generated by a single element x satisfies
V, ={ye X :|y|an|x| T|y}.

Definition 8 ( Aliprntis, 1985, 35)
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An element x in a Riesz space is said to be a projection element whenever
the band V, generated by x (V, ={y:|y|an|XT|y[} is a projection band.

Definition 9 (Aliprntis, 1985, 35)
If every element in a Riesz space is projection element, then the Riesz space
is said to have the principal projection property

Definition 10 (Helmut, 1974, 63)
The bandV, of X generated by a single element X is called a principal band

of X. If each principal band of X is a projection band, X is said to have the
principal projection property.

For a projection element x we shall write F, for the order projection onto
the band V, .

Theorem 8. An element X in a Riesz space is a projection element if and
only if sup{y A n |x} exists for each y > 0. In this case

F.(y) =sup{y an|x} holdsforall y>0.

Proof. Let y>0. We assume at that the two sets V, n[0,y] and
{yAan|x:n>1L}have the same upper bounds. To see this, note first that
{yan|x} <V, n[0,y]lholds. Now let yan|x<ufor all n. If
zeV,N[0,y], then by Theorem 1lwe have zan|xTz. In view of
zan|x<yan|x<u,weseethat z<u,and so the two sets have the same

upper bounds.

From the theorem 3 and theorem 5 it follows immediately that in ac -
Dedekind complete Riesz space every principal band is a projection band. If
X,y >0 are projection element in a Riesz space, then note that the formulas

of Theorem 6 take the form

Foy=FF=FF and F_  =F +F -F,.

An elemente>0 in a Riesz space X is said to be a weak order unit
whenever the band generated by e satisfiesV, = X ( or, equivalently,

whenever for each xeX* we have xaneT x). Now, every element
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0<xeX is a weak order unit in the band it generates. Also, note that an
element e > 0 is a weak order unit if and only if x L e implies x=0.

The next theorem describes the following useful properties of Projection
element.

Theorem 9. If u,vand w are projection elements in a Riesz space X .

Then the following statements hold:
1. If u,vand w satisfying 0<w<v<u, then for each x e X we have

(F,-F)xL(F,—-F,)x.
2. If 0<u, Tu holdsin X with u andall the u_, projection
elements, then F, (x) T F,(x) holds for each xeX "
Proof. (1) Froom proof of Theorem 7 we have F, <F, <F,, and so
0<|(F, —F)x|A|[(F, —F,) x|
<(F, —F)|x|A(F, —F,)|x]|
<[F, [x|-F,(F,|x)IAF,(F,|x])=0.
(2) Let xe X ™. Clearly, F, (x) T F,(x). Thus, F,(x) is an upper bound for
{F., ()}, and we claim it is the least upper bound.
To see this, assume F, (x) <y forall «. Hence, xAnu, <y holds for all
a,n. Consequently, u, Tu implies xanu<y for all n, and therefore
F,(X) =sup{xAanu}<y. Hence, F,(x) is the least upper bound of
{F,, (0}, and thus F, (x) T F,(x).
Let e be a positive element of a Riesz space X . An element x e X * is said to
be a component of € whenever xA(e—x)=0. The collection of all
components of € will be denoted by 7,.; ¢, ={xe X" : xA(e—x) =0}
If xe/, thene—-xe/,.Also, F,e e/, for each projection band V . Under
the partial ordering induced by X, the set of components 7 is a Boolean

algebra, consisting precisely of the extreme points of the order interval [0,¢e]

. The details follow.
Theorem 10. If e is positive element in Riesz space X , then the set of all

components /¢, of e is a Boolean algebra consisting precisely of all extreme
285
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points of the convex set [0,e]. Moreover, in case X is Dedekind complete,
¢ is likewise Dedekind complete.
Proof. To see that/ is a Boolean algebra, let X,y € /.. Then it follows from
(Xvy)a(e—xvy)
=(xvy)alle=x)A(e-y)]
=[xA(e=x)A(e—-Yy)]
viya(e-x)A(e-y)]=0v0=0 and
(Xvy)a(e—xvy)
=(xAy)alle=x)v(e-y)]
=[xAya(e—=x)]v

[xAyA(e—y)]=0v0=0
That x vy and x A yboth belongto /.. Therefore, 7, is a Boolean algebra
under the partial ordering induced by X .
Now suppose that X is Dedekind complete. Let U be a nonempty subset of
l,.Then x =supU existsin X .Since 0<yA(e—-x)]<ya(e-y)]=0
holds for all y €U , it follows:
xAn(e—x)=sup{yAn(e—x):yeU}=0,andso xe /.. Also, X is the least
upper bound of U in /..
Now, we shall show that an element is a component of e if and only if it is an
extreme point of [0,e]. To proof that, let xe X .
Assume firstthat xe /. Let x=Ay +(1—A)z with y,z€[0,e] and
O<A<l.From xA(e—x)=0 we have yAn(e—x)=0,
and so
y=yAre=yAX+yAa(e—XxX)=yAX<X
holds, similarly, z < x. Now if either y < x or z < X is true, then
X=Ay+(QL-A)z<AX+(1-A)x=X

Is also true, which is a contradiction. Hence, y =z = x holds, and so X is
an extreme point of 7, .
Conversely, let X be an extreme point of [0,e]. We have to show that
XA (e—x)=0. Therefore, let u=xA(e—x). Clearly, 0<x—u<e and
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0<x+u<e, and from the convex combination x = %(x —u)+ % (x+u)we

get u=0. Therefore, x € /,, and the proof is finished.
When X has the principal projection property, ( Abramovic, 1971, 511) has
described the lattice operations of ¢, (E, F) in terms of components as

follows.
Theorem 11. (Abramovic). Assume that X has the principal projection

property and that Y is Dedekind complete. Then for each S, T €/, (X,Y)
we have
SvT(X)=sup{S(y)+T(z2):yarz=0and y+z=x}
And

SAT(X)=inf{S(y)+T(z2):yArz=0and y+z=x}
Foreach xeX ™.
Proof. The first formula follows from the second. Indeed, if the second is
true, then

SvT(X)=—(-S)A(-T)(X)
=—inf{-S(y)-T(z2):yrz=0andy+z=x}
=sup{S(y)+T(z):yanz=0and y+z=x}
Also, if the second formula holds for the special case S AT =0, then itis
true in general. Indeed, if this is the case, then the identity
(S=SAT)A(T-SAT)=0
Implies that
inf{S(y)+T(2):yarz=0and y+z=x}-S AT(X)

=inf{[S(Y) =S AT(Y)]+[T(2) =S AT(2)]:yrz=0and y+z=x}
=(S=SAT)A(T-SAT)(x)=0.
And so
SAT(X)=inf{S(y)+T(z2):yArnz=0 and y+z=x}.

To complete the proof, assume that SAT =0 in 7, (X,Y).Fix xe X", and
let y e X "satisfy 0 <y < x. Denote by P the order projection of X onto the
band generated by (2y —x)*, and put z=Px. From x<2y+(x—2y)" and

(x-2y)" A(2y—x)" =0, it follows that Px < 2Py + P(x —2y)" = 2Py <2y
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. That is,
z<2y *)
Holds. Also, from (2y —x)" <(2x—x)" =X we see that
2y—-x<(2y-x)" =P(2y—-x)" <Px=1z,and so
X—2<2(x-Y). (%)

Combining (*) and (**), we get

S(@)+T(x=2) <2[S(Y)+T(x-y)],
from which it follows that

inf{S(z)+T(x—2):zA(x—-2)=0}=0.

The proof of the theorem is finished.
It should be noted that theorem 11 is false without assuming that X has the
principal projection property. For instance, let X =C[0,1], Y =R, and let
S,T:X —Y bedefinedby S(f)=f(0),and T(f)=f().Then SAT =0
holds, while
inf{S(f)+T(g): f Ag=0andf +g=1}
=inf{S(f)+T(1-f): f =0or f =1}=1.
When X has the principal projection property, the lattice operations of
2, (X,Y) can also be expressed in terms of directed systems involving
components as follows.
Theorem 12. Assume that X has the principal projection property and that
Y is Dedekind complete. Then forall S,T €/, (X,Y) and x € X " we have

1. {Zn:S(xi)vT(xi):xi AX; =0 fori = jandZn:xi =x}TSVvT(X);

i=1 i=1

2. {iS(xi)vT(xi):xi AX; =0 fori= jandixi =x}V S AT(X);

3. {Zn:|T(xi)|:xi AX; =0 foris jandzn:xi =x}TT|(x).

Proof. Since (2) and (3) follow from (1) by using the identities
SAT =—(-S)v(-T) and [T|=T v (-T), we prove only the first formula,
Put
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D={D> S(x)vT(x):x ax;=0fori=jand) x; =x}, where xeX"is

i=1 i=1
fixed, and note that D < S v T(x) holds in Y . On the other hand, if y,ze X"
satisfy yAz =0 and y+ z = X, then the relation
S()+T(2)<S(Y)vT(¥)+S(z2)vT(2) e D,
Coupled with Theorem 11, shows that supD =S v T(x) holds. Therefore,
what remains to be shown is that D is directed upward.
To thisend, let {x,,...,x,} and {y,,..., Y, }be two subsets of E"such that

X AX; =0 fori#jand y, Ay, =0 for p=q and with ZXi=ZY;=X-

i=1
Then the finite set {x; Ay; :1<i<n;1< j <m} is pairwise d|SJomt such that

>3 Ay, ZXA yj):inAx:gxizx.

oo
|

Ma

Il
N

In addition, we have

ZS(X)VT(X) Zs X, AZy ]VT(X AZy j
i{isu AY, )} {;T(xwyj)}

i=1| j=1

n m

DS AY) VT (X AY;) , and,

i=1 j=1
similarly,

n m

ZS(y IVT(Y) <D D S AYIVT(XG AY;).

i=1 j=1

Therefore, DT S vT(x) holds.

Now we will show important statement of a retracts of Riesz spaces. Let us
say that a Riesz subspace G of a Riesz space X is a retract of X (or that
X is retractable on G ) whenever there exists a positive projection

F:X =Y (such that 0< F = F?) having G as its range.

Theorem 13. For a Riesz subspace G of a Riesz space X the following
statements hold:
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1. If Garetract of X is Dedekind complete, thenG is Dedekind
complete Riesz space in its own right.
2. If G is Dedekind complete in its own right and G majorizes X , then
Gisaretract of X .
Proof. (1) Let F: X —Y be a positive projection whose range is G, and let
0<x, T<x in G.Then there exists some ye X with 0<x, Ty<xin X,

and so 0<x, =Fx, <Fy holds in G for each « . On the other hand, if for
some zeGwe have 0<x,<z for alla, then y<z, and hence

Fy <Fz =z. In other words, 0<x, T Fy holds in G, which proves that G

is a Dedekind complete Riesz space.

(2) Apply Theorem (Kantorvic), which is proof that every positive operator
whose domain is a majorizing vector subspace and whose values are in a
Dedekind complete Riesz space always has a positive extension to the
identity operator | :G — G.[3]

Conclusion:

In the end of this paper we conclude that, a Riesz subspace G of Riesz space
X hold that, if G aretract of X is Dedekind complete, then G is Dedekind
complete Riesz space in its own right, also if G is Dedekind complete in its
own right and G majorizes always has positive extension to the identity
positive projection operator |1 :G —>G.
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