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Abstract: 

This research considers principal projection property of Riesz space, which is 

the basis of positive operators and their applications. And provides important 

theorems concerns useful properties of projection elements. Also, describes 

lattice operations of order bounded operators and retract of Riesz space. 

Keywords: projection, ideal, Riesz space, Dedekind complete. 

  ريـــــــــــس خاصية الإسقاط الرئيسية لفضاء
 منال الطاهر الزيدانيأ.                               

 زينب علي الشقمانيد.                                         
 جامعة مصراتة  -كلية التربية  -قسم الرياضيات

 :الملخص
لفضاء ريس التي تعتبر خاصية أساسية للمؤثرات  يختص هذا البحث بدراسة خاصية الإسقاط الرئيسية

الموجبة وتطبيقاتها، حيث أنه تم عرض بعض النظريات المهمة التي تدرس خواص عناصر الإسقاط وكذلك 
 .قدم هذا دراسة العمليات الشبكية للمؤثرات المحدودة ترتيبياً وخاصية التراجع لفضاء ريس

  .الية، فضاء ريس، فضاء ديديكند التامخاصية الإسقاط، المث الكلمات المفتاحية:
 

Introduction: 

In this research we study principal projection property of Riesz space. In the 

beginning we have to know that, if every element in Riesz space is projection 

element, then Riesz space is said to be has principal projection property. 

Also, we show some theorems concerns useful properties of projection 

elements. Then we describe the lattice operations of order bounded operators, 

from a space which has principal projection property into Dedekind complete 

space. This research deals with retracts of Riesz spaces. Many researchers 

studied this topic some of them, )F.Riesz, 1930,143( proven that in a 

Dedekind complete Riesz space every band is a projection band, )Aliprantis, 

mailto:m.elzidani@edu.misuratau.edu.ly
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1985,33) find a new formula for the order projection onto the band generated 

by a positive operator, depending on the results of (Aliprantis, 1980,245), and 

(M. Volodymyr etc, 2020, 291) proven the existence of lateral band 

projection and principal projection property implies the intersection property. 

 

Definition 1 ( Aliprntis, 1985, 1) 

In any ordered vector space X any element x is called positive whenever 

0x . 

The set of all positive elements of X will be denoted by
X .  

 

Definition 2 (Helmut, 1974, 56) 

A subset U of a Riesz space X  is called solid if ,, XyUx  and yx 

implies Uy . A solid vector subspaceU of X  is called an ideal of X . 

 

Definition 3 (John, 1990, 191) 

 An ideal U of a Riesz space X  is called a band if UA and XxA sup  

implies Ux . 

 

If U  is a nonempty subset of a Riesz space X . Then the ideal generated by 

U is the smallest ideal that contains U . We can write it as; 

                                                                                          









 



n

i

iinn xxwithRandUxxXx
1

11 ,,,,:    …… (1).  

The ideal generated by an element x will be denoted by xU . From equation 

(1) we can define xU as: 

}0:{ xywithXyU x   . 

Every ideal of the form xU is called as a principal ideal. By the same way, 

the band generated by U  is the smallest band that contains U . Such a band 

always exists (since it is the intersection of the family of all bands that 

contain U , and X is one of them). 

It is obvious that, the band generated by U agrees with the band generated by 

the ideal generated by U . 
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Example1. (Helmut, 1974, 57) 

If X  is any Riesz space. And 
 Xx  then the order interval ],[ xx  is 

solid, and the vector subspace 



1

],[ xxn  is the principal ideal xX  

Clearly, if U is a directed )(  subset of  X then 





1

},:],[{ Uxnxxn  is the ideal generated by U . Any union of solid 

sets is solid, and XV   is solid if   }:],[{ VxxxV  . 

 

The following theorem describes the band generated by an ideal. 

 

Theorem 1. LetU be an ideal of a Riesz space X. Then the band generated by 

U  is precisely 

}0}{:{ xxwithUxXx  

 , 

In general, every ideal is order dense in the band it generates. Moreover, the 

band xV  generated by a single element x satisfies 

}:{ yxnyXyVx  . 

Proof. Let }0}{:{ xxwithUxXxV  

 . Clearly, every band 

containing U  must contain V . Thus, to establish our result it is enough to 

show that V  is a band. 

To this end, let Vyx , . Pick two nets Ux }{ 
and Uy }{  with

xx  0  and yy  0 . From 

yxyxyxyxyx  )()(   

And 

xx      

It is obvious that, V is vector subspace. Also, if xz   holds, then from 

Uxz  }{   and zxzxz  0 , 

It follows that Vz . Hence, V  is an ideal.  

Finally, to see that V is a band, let Vx }{   satisfy xx  0 . Let

}0:{  xywithsomeUyD  . 

Then 
UD and xD   hold. Therefore, Vx , and so V is a band. 
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To establish the formula for xV , let xVy . 

By the above there exists a net xUx }{  with yx  0 . Now given 

there exists some n  with xnx  , and so yxnyx   holds. This 

easily implies yxny   

 

Definition 4 ( Aliprntis, 1985, 5) 

disjoint complement
dU is defined by }:{ UyallforyxXxU d  . 

  Note that }0{ dUU , and 
ddU ddU )( . 

It is an obvious that is always a band.  

 

Definition 5 ( Aliprntis, 1985, 33) 

an operator YXF :  between two vector space is said to be a Projection 

whenever 
2FF  . 

 

The next theorem describes the useful condition which an ideal is necessarily 

a band. 

 

Theorem 2. If U  and V  are two ideals in a Riesz space X  such that

VUX  . Then U and V are both bands satisfying 
dVU  and 

dUV 

(and hence 
ddUU   and 

ddVV   both hold). 

Proof. Note first that for each Uu  and Vv we have  

}0{ VUvu , 

And so VU  . In particular, dVU  . 

On the other hand , if 
dVx , then write vux  with Uu  and Vv , 

and note that }0{ dVVuxv implies Uux  . Thus, UV d  , 

and so 
dVU   holds. This shows that U is a band. By the symmetry of the 

situation 
dUV   also hold.  

 

Definition6 (Aliprntis, 1985,33) 

A band V in a Riesz space X   is called a projection band whenever  
dVVX   . 

 

The next theorem describes the ideals that are projection bands.  
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Theorem 3.  If   V   is an Ideal in a Riesz space X, then the following 

statements are equivalent: 

1. V  is a projection band, i.e., 
dVVX  holds. 

2. For each 
 Xx the supremum of the set ],0[ xV 

 exists in X and 

belongs to V. 

3. There exists an ideal U  of X  such that UVX   holds. 

Proof (1)  (2)   

Let 
 Xx . Choose the (unique) elements Vy0  

And 
dVz0  with  zyx  . If 

Vu  satisfies zyxu  , then it 

follows from dVzyu  )(0  and Vyu  )(  that 0)(  yu . 

Thus, yu  , and so y  is an upper bound of the set ],0[ xV 
. Since 

],0[ xVy  , we see that  ],0[sup}:sup{ xVxuVuy    holds in 

X . 

 

(2)   (3) Fix some 
 Xx , and let ],0[sup xVu  . Clearly, u belongs to 

V. Put  0 uxy . If Vw0 , then Vwy 0 , and moreover from 

Vwyu 0 and xwuxwuyuwyu  )()()( , it 

follows that 

uwyu  . Hence, 0 wy  holds, and so 
dVy . From yux   we 

see that 
dVVX  , and therefore (3) holds with 

dVU  . 

(3)  (1) This follows from Theorem 2.  

 

Theorem 4 (Aliprntis, 1985, 33).  If V is a band in a Dedekind complete 

Riesz space X, then 
dVVX   holds. 

 

 If F  a positive operator defined on a Riesz space and F is also a projection, 

then F  will be named to as a positive Projection. 

Now let V be a projection band in a Riesz space X . Thus, 
dVVX 

holds, and so every element Xx has a unique decomposition  
21 xxx  , 

where Vx 1
 and 

dVx 2 . Then it is easy to see that a projection 

XXFV :  is defined by: 

                                                                                  
1)( xxFV  . 
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Clearly, 
VF  is a positive projection. Any projection of the form 

VF  is named 

an order projection or (a band projection). Thus, the order projection is 

associated with the projection bands in a one-to-one fashion. 

 

Theorem 5. If V  is a projection band in a Riesz space X , then  

 

}0:{sup)( xyVyxFV   

Holds for all 
 Xx . 

Proof. Let 
 Xx  . Then from proof of (Theorem 3) 

}0:{sup xyVyu   exists and belongs to V . Assume that )(xFu V . 

Write 
21 xxx   with Vx  10  and dVx  20 , and note that xx  10  

implies ux  10 . Thus, 
2110 xxxxu  , and hence dVxu  1

since Vxu  1
 and }0{ dVV , we see that 

1xu  , as assumed. 

 

The next theorem describes the basic properties of order projections. 

 

Theorem 6. If U  and V  are projection bands in Riesz space X , then 
dU , 

VU  , and VU   are likewise projection bands. Moreover, they satisfy 

1. UU
FIF d  ; 

2. 
UVVUVU FFFFF 

; and 

3. 
VUVUVU FFFFF 

. 

Proof. (1) From 
dUUX   it follows that UU dd   holds (see Theorem 

1), and so 
dU  is a projection band. The identity UU

FIF d   should be 

obvious. 

(2) To see that VU   is a projection band note that the identity 

],0[],0[ xFxV V  implies ],0[],0[ xFUxVU V  for each 
 Xx . 

Thus,  

],0[sup],0[sup xFUxVUxFF VVU   

Holds for each 
 Xx , which (by theorem 3) shows that VU   is a 

projection band and that
VUVU FFF 

 holds. Similarly, 
VUVU FFF 

. 

(3) Assume at the beginning that the two projection bands U  and V satisfy 

VU  . If 
 Xx . And  VUvu 0  satisfy xvu  , then  

],0[ xUu   and ],0[ xVv  , and so VUxFxFvu VU   holds. 
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This shows that  

                          VUxFxFxVU VU  ],0[)sup( , 

From proof of (Theorem 3) we have the ideal VU   is a projection band. 

Also, 
VUVU FFF 

 holds. 

Now the general case can be established by observing that 

VVUVU d  . Also, we have  

                   
VVUVVUVU FFFF dd 

 VVU FFF d   

                             
VUVUVVUUBVU FFFFFFFFFIF  )( , as 

required. 

 

An immediate consequence of statement (2) of the preceding theorem is that 

two arbitrary order projection mutually commute. 

The next theorem describes the useful comparison property of order 

projection. 

 

Theorem 7. If U and V are projection bands in Riesz space X , then the 

following statements are equivalent: 

1. VU   

2. 
UUVVU FFFFF   ; and 

3. 
VU FF  . 

Proof. (1) (2) Let VU  . Then from Theorem 6 it follows that  

UVUUVVU FFFFFF  
 

(2) (3) For each x0  we have xFxFFxF VUVU  , and so 
VU FF   

holds. 

 

(3) (1) If Ux0 , then it follows from 

VxFxFx VU 0  

  That Vx . Therefore, VU   holds, as required.    

 

Definition 7 ( Aliprntis, 1985, 33) 

the band xV  generated by a single element x  satisfies 

}:{ yxnyXyVx  . 

Definition 8 ( Aliprntis, 1985, 35) 
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An element x in a Riesz space is said to be a projection element whenever 

the band xV  generated by x  ( }:{ yxnyyVx   is a projection band. 

 

Definition 9 (Aliprntis,  1985, 35) 

If every element in a Riesz space is projection element, then the Riesz space 

is said to have the principal projection property 

 

Definition 10 (Helmut, 1974, 63) 

The band xV  of X generated by a single element x  is called a principal band 

of X. If each principal band of X is a projection band, X is said to have the 

principal projection property.  

 

 For a projection element x  we shall write xF  for the order projection onto 

the band xV . 

Theorem 8. An element x  in a Riesz space is a projection element if and 

only if  }sup{ xny   exists for each 0y . In this case  

)(yFx }sup{ xny     holds for all 0y . 

Proof. Let 0y . We assume at that the two sets ],0[ yVx   and 

}1:{  nxny have the same upper bounds. To see this, note first that 

}{ xny  ],0[ yVx  holds. Now let uxny  for all n . If  

],0[ yVz x  , then by Theorem 1we have zxnz  . In view of 

uxnyxnz  , we see that uz  , and so the two sets have the same 

upper bounds.  

From the theorem 3 and theorem 5 it follows immediately that in a 
Dedekind complete Riesz space every principal band is a projection band. If 

0, yx  are projection element in a Riesz space, then note that the formulas 

of Theorem 6 take the form  

xyyxyx FFFFF     and   yxyxyx FFFF   . 

An element 0e  in a Riesz space X  is said to be a weak order unit 

whenever the band generated by e  satisfies XVe   ( or, equivalently, 

whenever for each 
Xx  we have xnex  ). Now, every element 
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Xx0  is a weak order unit in the band it generates. Also, note that an 

element 0e  is a weak order unit if and only if ex   implies 0x . 

The next theorem describes the following useful properties of Projection 

element. 

 

Theorem 9.  If vu , and w  are projection elements in a Riesz space X . 

Then the following statements hold: 

1. If vu , and w  satisfying uvw 0 , then for each Xx  we have 

xFFxFF wvvu )()(  . 

2. If  uu  0  holds in X with u and all the u  projection 

elements, then )()( xFxF uu 


 holds for each 
Xx .  

Proof. (1) Froom proof of Theorem 7 we have  uvw FFF  , and so  

xFFxFF wvvu )()(0   

xFFxFF wvvu )()(   

            0)()]([  xFFxFFxF uvuvu . 

(2) Let 
Xx . Clearly, )()( xFxF uu 


. Thus, )( xFu  is an upper bound for 

)}({ xFu
, and we claim it is the least upper bound. 

To see this, assume yxFu )(


 for all  . Hence, ynux    holds for all 

n, . Consequently, uu   implies ynux   for all n , and therefore 

ynuxxFu  }{sup)( . Hence, )( xFu  is the least upper bound of  

)}({ xFu
, and thus )()( xFxF uu 


. 

Let e  be a positive element of a Riesz space X . An element 
Xx  is said to 

be a component of e  whenever 0)(  xex . The collection of all 

components of e  will be denoted by e ; }0)(:{   xexXxe  

If ex   then exe  . Also, eV eF   for each projection band V . Under 

the partial ordering induced by X , the set of components e is a Boolean 

algebra, consisting precisely of the extreme points of the order interval ],0[ e

. The details follow.  

Theorem 10.   If e  is positive element in Riesz space X  , then the set of all 

components e  of e  is a Boolean algebra consisting precisely of all extreme 
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points of the convex set ],0[ e . Moreover, in case X  is Dedekind complete,

e is likewise Dedekind complete. 

Proof. To see that e is a Boolean algebra, let eyx , . Then it follows from  

                                             )()( yxeyx   

)]()[()( yexeyx   

                                                                                )]()([ yexex 

)]()([ yexey  000      and 

                                             )()( yxeyx   

)]()[()( yexeyx   

                                                                                )]([ xeyx

)]([ yeyx  000   

That yx  and yx  both belong to e . Therefore, e  is a Boolean algebra 

under the partial ordering induced by X .  

Now suppose that X  is Dedekind complete. Let U  be a nonempty subset of 

e . Then Ux sup  exists in X . Since )](0 xey  0)](  yey  

holds for all Uy , it follows: 

0}:)(sup{)(  Uyxeyxex , and so ex  . Also, x  is the least 

upper bound of U  in e . 

Now, we shall show that an element is a component of e if and only if it is an 

extreme point of ],0[ e . To proof that, let 
 Xx . 

Assume first that ex  . Let zyx )1(    with ],0[, ezy   and 

10   . From 0)(  xex  we have 0)(  xey ,  

and so                                                                                         

xxyxeyxyeyy  )(  

holds, similarly, xz  . Now if either xy   or xz   is true, then  

xxxzyx  )1()1(   

     Is also true, which is a contradiction. Hence, xzy   holds, and so x is   

an extreme point of e . 

Conversely, let x  be an extreme point of ],0[ e . We have to show that 

0)(  xex . Therefore, let )( xexu  . Clearly, eux 0  and  
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eux 0 , and from the convex combination )(
2

1
)(

2

1
uxuxx  we 

get 0u . Therefore, ex  , and the proof is finished.  

When X  has the principal projection property, ( Abramovic, 1971, 511) has 

described the lattice operations of ),( FEb  in terms of components as 

follows. 

Theorem 11. (Abramovic). Assume that  X  has the principal projection 

property and that Y  is Dedekind complete. Then for each ),(, YXTS b  

we have     

}0:)()(sup{)( xzyandzyzTySxTS   

  And  

}0:)()(inf{)( xzyandzyzTySxTS   

For each 
Xx . 

Proof. The first formula follows from the second. Indeed, if the second is 

true, then  

))(()()( xTSxTS   

}0:)()(inf{ xzyandzyzTyS   

}0:)()(sup{ xzyandzyzTyS   

Also, if the second formula holds for the special case 0TS , then it is 

true in general. Indeed, if this is the case, then the identity 

         0)()(  TSTTSS  

Implies that 

                     )(}0:)()(inf{ xTSxzyandzyzTyS   

                               

}0:)]()([)]()(inf{[ xzyandzyzTSzTyTSyS   

                                0))(()(  xTSTTSS . 

And so  

                                   )(xTS }0:)()(inf{ xzyandzyzTyS  . 

To complete the proof, assume that 0TS  in ),( YXb . Fix 
Xx , and 

let 
Xy satisfy xy 0 . Denote by P  the order projection of X onto the 

band generated by 
 )2( xy , and put Pxz  . From 

 )2(2 yxyx  and 

0)2()2(   xyyx , it follows that yPyyxPPyPx 22)2(2  
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. That is,              

                                        yz 2                              (*) 

Holds. Also, from  xxxxy   )2()2(  we see that        

zPxxyPxyxy   )2()2(2 , and so  

                                       )(2 yxzx  .                  (**) 

Combining (*) and (**), we get 

                                )]()([2)()( yxTySzxTzS  ,    

from which it follows that  

                            0}0)(:)()(inf{  zxzzxTzS . 

The proof of the theorem is finished.  

It should be noted that theorem 11 is false without assuming that X  has the 

principal projection property. For instance, let ]1,0[CX  , RY  , and let 

YXTS :,  be defined by )0()( ffS  , and )1()( ffT  . Then  0TS  

holds, while 

}10:)()({inf  gfandgfgTfS  

1}10:)1()({inf  forffTfS . 

When X  has the principal projection property, the lattice operations of 

),( YXb  can also be expressed in terms of directed systems involving 

components as follows. 

Theorem 12.  Assume that X  has the principal projection property and that 

Y  is Dedekind complete. Then for all ),(, YXTS b  and 
 Xx we have 

1.  
 


n

i

n

i

ijiii xTSxxandjiforxxxTxS
1 1

);(}0:)()({  

2.  
 


n

i

n

i

ijiii xTSxxandjiforxxxTxS
1 1

);(}0:)()({  

3.  
 


n

i

n

i

ijii xTxxandjiforxxxT
1 1

)(}0:)({ . 

Proof. Since (2) and (3) follow from (1) by using the identities 

)()( TSTS   and )( TTT  , we prove only the first formula. 

Put  
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 
 


n

i

n

i

ijiii xxandjiforxxxTxSD
1 1

}0:)()({ , where 
Xx is 

fixed, and note that )(xTSD   holds in Y . On the other hand, if 
Xzy,

satisfy 0 zy  and xzy  , then the relation  

DzTzSyTySzTyS  )()()()()()( , 

Coupled with Theorem 11, shows that sup )(xTSD   holds. Therefore, 

what remains to be shown is that D  is directed upward. 

To this end, let },,{ 1 nxx   and  },,{ 1 myy  be two subsets of 
E such that 

0 ji xx  for ji   and 0 qp yy  for qp   and with 


n

i

ix
1

xy
m

j

j 
1

. 

Then the finite set }1;1:{ mjniyx ji   is pairwise disjoint such that  

                        
 

n

i

m

j

ji yx
1 1














 

 

n

i

m

j

ji yx
1 1




n

i

i xx
1

xx
n

i

i 
1

. 

In addition, we have  

                          


























  

 

m

j

ji

n

i

m

j

ji

n

i

ii yxTyxSxTxS
11 11

)()(  

                                                     
















  

 

m

j

ji

n

i

m

j

ji yxTyxS
11 1

)()(  

                                                       
 


n

i

m

j

jiji yxTyxS
1 1

)()( , and, 

similarly, 

                           )()()()(
1 11

ji

n

i

m

j

ji

m

j

jj yxTyxSyTyS  
 

. 

Therefore, )(xTSD  holds.  

Now we will show important statement of a retracts of Riesz spaces. Let us 

say that a Riesz subspace G of a Riesz space X is a retract of X  ( or that 

X  is retractable on G ) whenever there exists a positive projection 

YXF :  (such that 
20 FF  ) having G  as its range. 

Theorem 13. For a Riesz subspace G of a Riesz space X  the following 

statements hold: 
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1. If G a retract of X  is Dedekind complete, thenG  is Dedekind 

complete Riesz space in its own right. 

2. If G  is Dedekind complete in its own right and G majorizes X , then 

G is a retract of X . 

Proof. (1) Let YXF :  be a positive projection whose range is G , and let 

xx  0  in G .Then there exists some Xy  with xyx  0  in X , 

and so FyFxx  0  holds in G  for each  . On the other hand, if for 

some Gz we have zx  0  for all , then zy  , and hence 

zFzFy  . In other words, Fyx  0  holds in G , which proves that G  

is a Dedekind complete Riesz space. 

(2) Apply Theorem (Kantorvic), which is proof that every positive operator 

whose domain is a majorizing vector subspace and whose values are in a 

Dedekind complete Riesz space always has a positive extension to the 

identity operator GGI : .[3]  

 

Conclusion:  

In the end of this paper we conclude that, a Riesz subspace G  of  Riesz space 

X  hold that,  if G  a retract of X  is Dedekind complete, then G is Dedekind 

complete Riesz space in its own right, also if G  is Dedekind complete in its 

own right and G  majorizes always has positive extension to the identity 

positive projection operator GGI : . 
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